Neutrinos can gain mass from coupling to an ultralight field in slow roll. When such a field is displaced from its minimum, its vev acts just like the Higgs vev in spontaneous symmetry breaking. Although these masses may eventually vanish, they do it over a very long time. The theory is technically natural, with the ultralight field-dependent part being the right-handed Majorana mass. The mass variation induced by the field correlates with the cosmological evolution. The change of the mass term changes the mixing matrix, and therefore suppresses the fraction of sterile neutrinos at earlier times and increases it at later times. Since the issue of quantum gravity corrections to field theories with large field variations remains open, this framework may give an observational handle on the Weak Gravity Conjecture.
Dark energy might be a cosmological constant. If so then it will affect the visible sector only by influencing the underlying geometry of the universe. If dark energy is not constant, it might couple to other sectors non-gravitationally too. However quantum field theories that model such dynamics immediately run into problems. A dark energy field needs to have a tiny shallow potential in order to sustain the present cosmic acceleration. So if it interacts directly with matter, it may induce a new long range force, competing with gravity. Also the couplings would induce corrections to dark energy, which could disrupt slow roll.
To evade these problems while keeping the couplings as large as can be, given by Yukawa couplings 1 of quintessence or its ultralight cousins to fermions, ∼ m ψ M Pl φψΓψ, requires very small fermion masses, much below the electroweak scale of the Standard Model (SM). This only leaves neutrinos: they are massive but very light. Their loops would not destabilize ultralight bosons. While the ultralight bosons can mediate a long range force between neutrinos, the resulting bounds are feeble at present. Neutrinos are only a tiny fraction of the universe. In the early universe they would be much more significant. However if ultralight φ couple to ν only via Yukawas, the extra force would be highly irrelevant, being suppressed relative to gravity by the ratio m νν Γν/T µ µ (ν). In turn, the direct Yukawa couplings of neutrinos to ultralight bosons lead to a novel source of neutrino mass terms. We will put these couplings in the sterile neutrino Majorana mass, m S = gφ, g ∼ mν M Pl , to preserve SM symmetries. When the ultralight field is displaced from the minimum of its potential and suspended in slow roll early on, the neutrino mass matrix will get contributions ∼ m ν
The field vev φ 0 , and therefore also m S , change slowly, with variation correlated with cosmic evolution. The leading corrections to the boson potential are functions of m S , the neutrino Dirac mass m D , and the Higgs and φ Yukawas, and so the φ potential remains flat 2 . The variation of m S would change the mixing matrix, and adiabatically change the fraction of sterile neutrinos, suppressing it early on and increasing it later. This can alleviate cosmological problems with having too many sterile neutrinos in earlier epochs. Similar couplings were considered in [1, 2] , where φ was identified with the CP-violating phase of the ν mass matrix, and particle phenomenology and UV completions were discussed, however leaving out the variations of masses. Here we will work with one active and one sterile neutrino, coupling the sterile to φ which needn't be a phase of the ν mass matrix. Our analysis applies to quintessence, but also to other ultralight φs, which may arise in ultralight dark sector monodromies 3 [3, 4] . The required field displacement from the minimum, O(M Pl ), can be accomplished in field theory limit by protecting the φ sector with symmetries, and there is ample literature on the subject [6, 7, 8, 9, 10, 11] . However UV completing such theories in quantum gravity is less clear. There are examples of difficulties with embeddings into string theory, where field ranges appear to be limited to near-sub Planckian scales [12, 13] , and concerns that Weak Gravity Conjecture (WGC) [14] might provide bounds that preclude long slow roll. On the other hand, the observations are pushing in the other direction: if dark energy is a field in slow roll, it must range by at least mildly super-Planckian scales to get the equation of state sufficiently close to −1 [15] . This tension raises an interesting prospect of using neutrino cosmology to test quantum gravity. If neutrino masses, sterile neutrino fraction and dark energy vary in a correlated way, Planckian fields may be a cause. This could force rethinking aspects of WGC. While the opposite would have less impact, clearly the neutrino mass variation might yield a novel probe of the slow roll regime and the dark energy sector of the universe.
Neutrinos in the minimal SM are left-handed Weyl spinors ν L (with their CP partners ν c R = Cν L T ), partnered in an SU(2) doublet with a charged lepton. Since their weak isospin and hypercharge are 1/2, −1, respectively, one cannot write relevant mass terms for them alone. To introduce the mass terms, therefore, one must add right-handed singlet (or sterile) neutrinos ν R (with CP partner ν c L = Cν R T ). We can write two mass terms: a Dirac mass, mixing the left-and right-handed νs and involving Yukawa coupled Higgs to preserve gauge symmetry, and Majorana mass for the right-handed singlet. In unitary gauge, the mass terms are
We use the Dirac field
Here v is the Higgs vev, and h the physical scalar and the Yukawa coupling is y ν 10 −12 , taking into account that v = O(100) GeV. The Dirac ν mass is m D = y ν v, while Majorana mass m S is a free parameter. Theories of neutrino masses exploit this freedom to explain the origin of the mass scales, usually resorting to UV physics to derive m S . However, since ν R is a fermion singlet, a small m S is technically natural in the sense that m S → 0 is protected by chiral symmetry of the theory. For this reason, we can imagine that m S originates from IR physics, and try to generate it by couplings to an ultralight boson.
If φ is either an SM singlet scalar φ S or a pseudoscalar φ A , its couplings to νs are
Since φ is a SM singlet it can couple to the Higgs (squared) field via renormalizable couplings. Generic couplings would yield a large mass for φ. These must be absent at the tree level.
The theory must start with only sterile ν directly coupled to φ, which we impose directly 4 . The Higgs-φ couplings are induced by loop corrections, but they will be weak for small m ν .
When φs are slowly evolving 5 , with a large initial vev φ 0 , possibly ∼ M Pl , they induce effective Majorana masses. Indeed, the scalar term in (2) reduces to
L can be put in this form by a chiral rotation; when both terms in (2) are present, a more general chiral rotation will bring the mass term to
In what follows we will ignore the difference between φ S and φ A , and use g for either g s , g a . If both scalars are present with comparable couplings, the leading results may only differ by O(1) terms. We will focus on m S > m D , where the φ effects are maximized. Now we can consider loop corrections to the theory. It is useful to transition to propagation eigenstates of the neutrino mass matrix (1) . Since the left-handed Majorana mass vanishes, we can make m D , m S real. The mass eigenstates are n ± ≡ n ±L + n c ±R , where n ±k are obtained from the interaction eigenstates via a unitary rotation, with the mixing angle defined by tan(2θ) = 2m D /m S , and the eigenmasses
We stress that due to the simplicity of our setup, θ and m D /m S are not independent, but correlated. In more general frameworks they would be independent variables. Rewriting the Lagrangian involving (2) in terms of n ± , we use the background field method to compute the one-loop effective action for φ by splitting it and the Higgs into φ 0 + ϕ, H = v + h, absorbing φ 0 into m S = gφ 0 (valid over times shorter than the Hubble time H −1 ) and then integrating out ϕ, ν and h in The corrections to φ potential are
The parameters are given by linear combinations of the powers of ν masses, the mixing angle terms and couplings as per the diagrams in Fig. 1 . E.g., δm 2 up to log-independent terms is
The formulae for λ and λ involve similar combinations of neutrino masses, couplings and mixing angles, dictated by dimensionality. Again up to log-independent terms,
If φ is to be quintessence, its mass must be m < ∼ H 0 ∼ 10 −33 eV. For V (φ) to remain that flat, δm 2 < m 2 < ∼ (10 −33 eV) 2 , and so gm ± < ∼ 4π × 10 −33 eV. To ensure that the quadratic is small enough, λ < ∼ 10 −121 since φ > ∼ M Pl , we need g < ∼ 10 −30 . Hence m ± < ∼ 4π×10 −3 eV. Since the gravitational potential ∝ m ± /M Pl , the long range force between neutrinos mediated by quintessence is at most comparable to gravity. All this shows that λ is very small too, λ < ∼ 10 −86 : the Higgs mass shift due to the biquadratic is tiny when φ > ∼ M Pl , and the Higgs vev shifts the φ mass by < ∼ H 0 . If φ is heavier, the numbers scale up accordingly. If φ is an ultralight field which arises in monodromy constructions of quintessence [3] , its mass could easily be several orders of magnitude larger than 10 −33 eV. Such a component of the universe could be as much as few percent of the total critical energy density [18] . Such fields typically start with large initial vevs ∼ f , where f < ∼ M Pl is their decay constant, and stay in slow roll for a long time. Thus g could be larger than 10 −30 , but not too large or it would overclose the universe. As a result, m ± < ∼ m/g could be greater than milli-eV, but not arbitrarily large. So an ultralight boson heavier than 10 −33 eV could consistently couple to neutrinos with masses ∼ eV. This analysis shows that the interesting regime of parameters is m D < m S < ∼ m/g, guaranteeing stability of the ultralight boson sector, and making the mechanism phenomenologically interesting. In principle m S < m D < ∼ m/g is consistent with radiative stability, but this, the pseudo-Dirac, regime (see [16] ∼ m S is particularly interesting since Dirac and Majorana mass remain comparable. The problem with this regime is that the propagation eigenstates involve significant contributions from both active and sterile neutrinos and may lead to sterile neutrinos equilibration. This could run afoul of the cosmological bounds which limit the effective number of neutrino species [21, 22, 23, 24, 25] , which has prompted a lot of work on sterile neutrinos [26] . In our case, since m S changes as φ rolls, the sterile neutrino -being heavier early on, with larger m Smay be sufficiently decoupled originally. It only starts to couple more significantly as m S decreases, and the mixing angle θ = 1 2 tan −1 (2m D /m S ) grows. This trend can be further enhanced if ν couples to φ which is heavier than quintessence. As we noted, such fields might comprise as much as few percent of current critical energy density of the universe [18, 3] . Initially we can have m D m S , so that the see-saw regime completely decouples the sterile neutrino: the (mostly active) neutrino mass is m − m 2 D /m S and it is much smaller than the (mostly sterile) neutrino mass m + ∼ m S . Since initially φ is in slow roll this would govern the neutrino sector until a very late time when H drops below the φ mass. At this point φ falls out of slow roll and starts to oscillate (slowly, with a period ∼ m, corresponding to tens of millions of years or more!) around the minimum. The amplitude of φ would dilute by the expansion of the universe as ∼ 1/a 3/2 . This can reduce φ, and so also m S , significantly, by as much as ∼ 10 5 , changing the neutrino mixing matrix from the see-saw regime to the mixed regime, where the masses of the mostly active and mostly sterile neutrino are comparable, m − ∼ m + (see (3)). As a consequence, the mass evolution from heavy to light will suppress the sterile ν population in the early universe, satisfying the cosmological bounds [21, 22, 23, 24] , while enhancing the active-sterile mixings at present. Indeed, let us compare the sterile ν abundances in the early universe for two different values of m S and θ, using (3). Since the sterile ν is a singlet, it will be generated only by the flavor oscillations with the active ν. We take the transformations (3) and impose the initial condition ν L ∼ ν c R = 0, by equilibration with the other SM degrees of freedom, and ν R = ν c L = 0. The average population of sterile neutrinos after a few "oscillation times", which are much shorter than H −1 , will be ∼ N + ∼ sin 2 (θ)N initial . Here N + ∼ |n + | 2 is the population of heavier, mostly sterile νs. Thus the populations with different θ are related by
We can use (8) 
Later on, as m S decreases toward m D , the active neutrinos oscillate into sterile ones, and
where
accounts for the cosmological redshift factors. Thus the initial fraction of sterile neutrinos is suppressed relative to the late one by (m S (t 2 )/m S (t 1 )) 2 -which is just decoupling. Notice that even if m S changes by only a factor of few initially, the fraction of mostly sterile neutrinos is suppressed at earlier times by at least an order of magnitude. Since at late times the mostly sterile neutrinos couple more strongly, being lighter, they could be detectable through stronger mixings in lab experiments. The parameters of the model would be constrained by the experiments, but in order to study their detailed effects on our proposal we'd have to generalize the model to the full three families.
Time variation of neutrino masses correlates with the cosmological evolution of φ,
For a field in slow roll, where 1
On the other hand, if φ is oscillating around its minimum, then by virial theoremφ/φ −m. Thusṁ
These rates of change are far too small to be seen in lab experiments, but they may be detectable by cosmological observations. Further, in the latter case where νs couple to a φ heavier than quintessence, it is natural to have φ also couple to quintessence [3] . Hence we could end up with a system of dark energy coupled to ultralight dark matter which in turns couples to neutrinos. This may have interesting cosmological implications and warrants further study, but is beyond the scope of the present work. Because φ is so light, its exchange will mediate a new long range force between neutrinos, as given by the Feynman diagram of Fig. 2 . If φ is a scalar, the force could go as ∝ 1/r 2 . In contrast to [19] , the faster clustering of νs driven by this force at scales < ∼ 1/m [20] is not a problem since now the background neutrino density needn't be homogeneous to support cosmic acceleration. If φ is dark energy, it is in slow roll by itself. Moreover, since m is much smaller than in [19] the clustering time scales are much longer, and might be as long as the age of the universe -but certainly not much shorter than millions of years. Such structures would be much slower to form and much less dense. For a pseudoscalar φ the extra forces would drop off faster at large distances [27] , and would not present cosmological problems. Either way the forces would not be much stronger than gravity and they are not constrained significantly by laboratory neutrino experiments [28] . The smallness of g also guarantees that the bounds from supernovae emissions and stellar cooling are satisfied [29] . The cosmological neutrino masses which we have explored depend crucially on the viability of the slow roll regime for ultralight fields. To make the masses significant and delay their turn-off we need ultralight bosons with very large initial field displacements from their minima. The displacements should be either mildly super-Planckian or at least near-Planckian. In fact the proposals to identify quintessence with CP-violating phase of the neutrino mass matrix [1, 2] , which assume the neutrino masses resulting from Yukawa couplings to such fields are constant, require φ M Pl . Axionic quintessence likewise requires φ > M Pl to reproduce the dark energy equation of state sufficiently close to −1 and fit the data, although some slow roll deviations can be allowed [15] . This might be problematic from the point of view of WGC [14] , that seems to limit super-planckian fields.
The conflict between having large field vevs to yield this type of neutrino masses, and mimic dark energy if it is quintessence, which could all be tested experimentally, and the inferences from WGC about aspects of quantum gravity raises an interesting possibility of neutrino cosmology as a test of quantum gravity. If we really observe time variation of neutrino masses, sterile neutrino fraction and dark energy, which are all correlated, we may end up identifying Planckian fields as the cause. Even finding fields which are sub-Planckian but very large would be interesting for this purpose, since it would point to the existence of potentials with very large periods, such as those encountered in monodromy models.
In summary, we pointed out that neutrinos can couple to ultralight bosons without spoiling the flatness of their potentials. If such ultralight fields are in slow roll they can give a mass to neutrinos. In our minimal setup the SM gauge symmetries require this to be the sterile neutrino mass. The scenario can naturally realize both the see-saw regime and the mixed neutrino regime, as well as interpolate between the two: see-saw at early times transitioning to mixed regime in a late universe. The evolution of the sterile neutrino mass might help to reconcile the lab experiments suggesting mixed sterile neutrinos with cosmological bounds disfavoring them, by avoiding equilibrated sterile neutrinos in the early universe. The scenario is not strongly constrained at present, as it is more circumspect than the approaches in [1, 2, 19] . Instead of trying to explain the origin of dark energy we are instead pointing out that ultralight dark scalars and neutrinos can consistently couple with scalar vevs yielding ν masses. In turn neutrinos could be a probe of various aspects of ultralight dark sectors, including dark energy. More work is needed to explore quantitative aspects of such models.
